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BEST PROXIMITY POINT RESULTS IN TOPOLOGICAL
SPACES AND EXTENSION OF BANACH CONTRACTION
PRINCIPLE
SUMIT SOM1, SUPRITI LAHA2, LAKSHMI KANTA DEY3
Abstract. In this paper, we introduce the notion of topologically Banach
contraction mapping defined on an arbitrary topological space X with the
help of a continuous function g : X × X → R and investigate the existence
of fixed points of such mapping. Moreover, we introduce two types of map-
pings defined on a non-empty subset of X and produce sufficient conditions
which will ensure the existence of best proximity points for these mappings.
Our best proximity point results also extend some existing results from met-
ric spaces or Banach spaces to topological spaces. More precisely, our newly
introduced mappings are more general than that of the corresponding notions
introduced by Bunlue and Suantai [Arch. Math. (Brno), 54(2018), 165-176].
We present several examples to validate our results and justify its motivation.
To study best proximity point results, we introduce the notions of g-closed,
g-sequentially compact subsets of X and produce examples to show that there
exists a non-empty subset of X which is not closed, sequentially compact under
usual topology but is g-closed and g-sequentially compact.
1. Introduction
Metric fixed point theory is an essential part of mathematics. It gives neces-
sary and sufficient conditions that will ensure the existence of solutions of the
equation Ux = x where U is a self-mapping defined on a metric space M . Such
a solution is called a fixed point of the mapping U. Banach contraction principle
for standard metric spaces is a pioneer result in this connection. It has a lot of
applications in the area of differential equations, integral equations. Over the
years, many Mathematicians have weakened the metric structure and prove the
Banach contraction principle for such spaces, but till now, no result is found,
which extends the Banach contraction principle from metric spaces to arbitrary
topological spaces. In this paper, we take an arbitrary topological space X and
a real-valued continuous function g defined on the Cartesian product X × X.
Then we introduce the notion of topologically Banach contraction mapping de-
fined on a topological space X with respect to g and investigate the existence of
fixed points of such mapping. As a consequence, we extend the famous Banach
contraction principle from standard metric spaces to topological spaces and we
can retrieve the Banach contraction principle for metric spaces as a particular
case of our theorem. On the other hand, if U : A → B is mapping where A,B
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are non-empty subsets of the metric space (M, ρ), A 6= B and U(A) ∩ A = ∅
then the mapping U has no fixed points. So, in case of a non-self map, one
seek for an element in the domain space whose distance from its image is mini-
mum i.e., the interesting problem is to minimize ρ(x, Ux) such that x ∈ A. Since
ρ(x, Ux) ≥ D(A,B) = inf {ρ(x, y) : x ∈ A, y ∈ B}, so one can search for an
element x ∈ A such that ρ(x, Ux) = D(A,B). Best proximity point problems
deal with this situation. In the year 2011, Basha [1] investigated the existence
of best proximity points of proximal contractions. In the years 2013 and 2015,
Gabeleh [3,4] introduced the notion of proximal nonexpansive mappings, Berinde
weak proximal contractions in the context of metric spaces and investigated the
existence of best proximity points of those classes of mappings. For more re-
sults, see [5] and the references therein. In the year 2018, Bunlue and Suantai [2]
introduced the notion of proximal weak contraction and proximal Berinde nonex-
pansive mappings and discussed the existence of best proximity points for those
classes of mappings. All these results are formulated in the framework of metric
spaces or Banach spaces where the standard metric or norm plays an important
role. Recently in the year 2020, Raj and Piramatchi [6] presented a way in which
we can extend the best proximity point results from standard metric spaces to
topological spaces, and it is exciting. In this paper, we have introduced the no-
tions of topologically proximal weak contraction, topologically proximal Berinde
non-expansive on topological spaces and discuss the existence of best proximity
points for these mappings. We have presented ample examples to validate our
results. Moreover, we have introduced these notions w.r.t a continuous func-
tion and present examples which show that there exist two continuous functions
such that the mappings are topologically proximal weak contraction or topolog-
ically proximal Berinde non-expansive with respect to one continuous function
but not with respect to another continuous function. Our best proximity point
result about topologically proximal weak contractions also extends the Banach
contraction principle for non-self mappings.
On the other hand, in 1970, Takahashi [7] first introduced the notion of con-
vexity in metric spaces, and with the help of this notion, in this paper, we have
defined the concept of topologically convex structure on an arbitrary topological
space. Our best proximity results improve and extend the results in [1–4] from
standard metric spaces, Banach spaces to topological spaces. If the underlying
space is metrizable with respect to the metric d, then by taking the continuous
function g = d we will recover those results. To build the theory of this paper, we
introduce the notion of g-closed, g-sequentially compact subset of the topological
space X with the help of the continuous function g defined on X×X and present
examples to show that there exists a non-empty subset of X which is not closed
and sequentially compact with respect to the usual topology but is g-closed and
g-sequentially compact for some continuous function g.
2. Main results
We introduce some definitions which will be necessary for the development of
our results.
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Definition 2.1. Let X be a topological space and g : X×X → R be a continuous
function. Let {xn} be a sequence in X and x ∈ X. Then {xn} is said to be g-
convergent to x if
|g(xn, x)| → 0 as n→∞
i.e., for a given ε > 0 there exists k ∈ N such that
|g(xn, x)| < ε ∀ n ≥ k.
Definition 2.2. Let X be a topological space and g : X×X → R be a continuous
function. Let {xn} be a sequence in X. Then {xn} is said to be g-Cauchy if
|g(xn, xm)| → 0 as n,m→∞
i.e., for a given ε > 0 there exists k ∈ N such that
|g(xn, xm)| < ε ∀ n,m ≥ k.
Definition 2.3. Let X be a topological space and g : X×X → R be a continuous
function. X is said to be g-complete if every g-Cauchy sequence {xn} is g-
convergent to a point x ∈ X.
Lemma 2.4. Let X be a topological space and g : X × X → R be a con-
tinuous function such that g(x, y) = 0 ⇒ x = y and |g(x, z)| ≤ |g(y, x)| +
|g(y, z)| ∀ x, y, z ∈ X. Then the limit of a g-convergent sequence is unique.
Proof. The proof is straightforward, so omitted. 
We show by an example that if the conditions of the Lemma 2.4 are violated,
then the g-limit may not be unique.
Example 2.5. Consider R2 with usual topology. Define g : R2 × R2 → R
be defined by g((x, y), (u, v)) = xu. Then g is a continuous function. Let A =
[−1, 1]×[−1, 1]. For the function g we have, g
(
(1, 0), (0, 1)
)
= 0 but (1, 0) 6= (0, 1).
Also g
(
(1, 0), (1, 0)
)
= 1 6= 0. So here, g
(
(x, y), (u, v)
)
= 0 < (x, y) = (u, v).
Also, if we take x = (1, 0), y = (0, 0), z = (4, 0) then |g(x, z)| > |g(y, x)|+|g(y, z)|.
Now consider the sequence {xn} ⊂ A defined by xn = (
1
n
, 1). Then it can be seen
that the sequence {xn} is g-convergent to (0, 1) and also to (
1
2
, 1). So the limit is
not unique. In fact, this sequence has infinitely many g-limits.
Now we introduce the notion of topologically Banach contraction mapping in
a topological space X with respect to a continuous function as follows:
Definition 2.6. Let X be a topological space and g : X×X → R be a continuous
function. Let T : A → B be a mapping where A,B ⊆ X and A,B 6= φ. The
mapping T is said to be topologically Banach contraction w.r.t g if there exists
α ∈ (0, 1) such that∣∣∣g(T (x), T (y))∣∣∣ ≤ α∣∣∣g(x, y)∣∣∣ for all x, y ∈ A.
4 S. SOM, S. LAHA, L.K. DEY
We present an example of a topologically Banach contraction mapping f with
respect to a real valued continuous function g, which is not a contraction map-
ping with respect to the metric d with respect to which the space is metrizable.
Also, in this example we show that, though, f is a topologically Banach con-
traction mapping with respect to a real valued continuous function g, may not
be a topologically Banach contraction mapping with respect another real valued
continuous function h.
Example 2.7. Consider R2 with the usual topology. Let A = [1
2
, 1]× [0, 1] and
B = [1, 2]×[0, 1]. Consider g : R2×R2 → R by g
(
(x1, y1), (u1, v1)
)
= min {y1, v1}.
Define T : A → B by T (x, y) = (2x, y
2
), (x, y) ∈ A. Let x1 = (t1, p1) and
x2 = (t2, p2) ∈ A. Now∣∣∣g(T (x1), T (x2)
)∣∣∣ =
∣∣∣g((2t1, p1
2
), (2t2,
p2
2
)
)∣∣∣ = 1
2
∣∣∣g(x1, x2)
∣∣∣.
So, the mapping T is topologically Banach contraction w.r.t g. It can be seen
that this mapping is not a contraction with respect to the usual metric on R2.
Now define h : R2 × R2 → R by h
(
(x1, y1), (u1, v1)
)
= x1u1. Then h is a
continuous function. Now we will show that the mapping T is not topologically
Banach contraction w.r.t h. Let α ∈ (0, 1), x = (1
2
, 0), y = (1, 0). Now∣∣∣h(T (x), T (y))
∣∣∣ =
∣∣∣h((1, 0), (2, 0))
∣∣∣ = 2 > α|h(x, y)| = α
2
.
So the mapping T is not topologically Banach contraction w.r.t h.
Now, we give an example of a topologically Banach contraction mapping on a
non-metrizable topological space.
Example 2.8. Consider Rω, the space of all real valued sequences with the box
topology. Then the space Rω is not metrizable. Define g : Rω × Rω → R by
g
(
(xn), (yn)
)
= x1y1; (xn), (yn) ∈ R
ω.
Then g is a continuous function on Rω × Rω with respect to the box topology.
Define f : Rω → Rω by
f(x1, x2, . . . ) = (0, x1, x2, . . . ); (x1, x2, . . . ) ∈ R
ω.
Now let x = (xn), y = (yn) ∈ R
ω and α ∈ (0, 1). Then
0 =
∣∣∣g(f(x), f(y))
∣∣∣ ≤ α
∣∣∣g(x, y)
∣∣∣.
So, f is a topologically Banach contraction mapping w.r.t g.
We present our first desired result ‘Banach contraction principle’ in a topolog-
ical space.
Theorem 2.9. Let X be a g-complete topological space where g : X × X → R
is a continuous function such that g(x, y) = 0 =⇒ x = y, |g(x, y)| = |g(y, x)|,
|g(x, z)| ≤ |g(x, y)|+ |g(y, z)| for all x, y, z ∈ X. Let U : X → X be a topologically
Banach contraction mapping w.r.t g. Then U has a unique fixed point and for
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any p0 ∈ X, the sequence pn+1 = U(pn) for all n ≥ 0 will converge to the unique
fixed point of U.
Proof. As U : X → X is topologically Banach contraction map w.r.t g so there
exists β ∈ (0, 1) such that
|g(U(x), U(y))| ≤ β|g(x, y)| for all x, y ∈ X.
Let p0 ∈ X and define a sequence {pn} ⊂ X by pn+1 = U(pn) for all n ≥ 0, n ∈ N.
Now
|g(pn+1, pn)| = |g(U(pn), U(pn−1)|
≤ α|g(pn, pn−1)|
= α|g(U(pn−1), U(pn−2)|
...
≤ αn|g(p1, p0)|.
Suppose that m > n and n ∈ N. Let m = n+ r where r ≥ 1. Now,
|g(pn, pn+r)| ≤ |g(pn, pn+1)|+ |g(pn+1, pn+2)|+ · · ·+ |g(pn+r−1, pn+r)|
=⇒ |g(pn, pn+r)| ≤
(
βn + βn+1 + · · ·+ βn+r−1
)
|g(p0, p1)|
=⇒ |g(pn, pn+r)| ≤ β
n
(1− βr
1− β
)
|g(p0, p1)| → 0 as n, r →∞.
This shows that the sequence {pn}n≥0 is a g-Cauchy sequence. Since X is g-
complete, so the sequence {pn}n≥0 is g-convergent to p
∗ ∈ X (say). Now since U
is topologically Banach contraction map so,
|g(U(pn), U(p
∗))| ≤ β|g(pn, p
∗)| → 0 as n→∞.
This shows that the sequence {U(pn)}n≥0 is g-convergent to U(p
∗). But pn+1 =
U(pn) so, {U(pn)}n≥0 is g-convergent to p
∗. As the continuous function g satisfies
the conditions of Lemma 2.4, so the limit is unique. So, U(p∗) = p∗. So the
mapping U has a fixed point. Now suppose U has two fixed points p∗ and p∗∗, p∗ 6=
p∗∗. Now,
|g(U(p∗), U(p∗∗))| ≤ β|g(p∗, p∗∗)|
=⇒ |g(p∗, p∗∗)| ≤ β|g(p∗, p∗∗)|.
This is a contradiction since |g(p∗, p∗∗)| > 0. So the mapping U has unique fixed
point. 
Note 2.10. The preceding theorem is an extension of Banach contraction princi-
ple from metric space to general topological space X with a continuous real-valued
function g defined on X×X. If the space X is metrizable with respect to a metric
d then by taking g = d, we will get the Banach contraction principle for standard
metric spaces.
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Example 2.11. Consider X = [0, 1] with the usual standard subspace topology
inherit from R. Define g : X ×X → R by
g(x, y) = x2 − y2.
Then g is a continuous function on R× R. Define T : X → X by
T (x) =
x
2
, x ∈ X.
It can be seen that [0, 1] is g-complete. Here the continuous function g satisfies
all the conditions of Theorem 2.9. But g is not a metric, since g can take negetive
values. Let x, y ∈ [0, 1]. Now∣∣∣g(T (x), T (y))
∣∣∣ =
∣∣∣g(x
2
,
y
2
)
∣∣∣ = 1
4
|(x2 − y2|) =
1
4
∣∣∣g(x, y)
∣∣∣.
So T is topologically Banach contraction map w.r.t g. By previous Theorem 2.9,
T has unique fixed point. Here p∗ = 0 is the fixed point of T.
Now in the upcoming example, we will show that if any one of the conditions
of the continuous function g defined in Theorem 2.9 is violated, then there may
exist infinitely many fixed points of the mapping T.
Example 2.12. Consider the space R2 with the usual topology. Define g :
R
2 × R2 → R by
g
(
(x, y), (u, v)
)
= y − v, (x, y), (u, v) ∈ R2.
Then g is a continuous function. Here g
(
(1, 2), (4, 2)
)
= 0 but (1, 2) 6= (4, 2). So
the function g does not satisfied all the conditions of Theorem 2.9. Now define
T : R2 → R2 by
T ((x, y)) = (x,
y
2
), (x, y) ∈ R2.
Now we will show that T is topologically Banach contraction map w.r.t g. Let
(x1, y1), (x2, y2) ∈ R
2. Now∣∣∣g(T (x1, y1), T (x2, y2)
)∣∣∣ =
∣∣∣g((x1, y1
2
), (x1,
y1
2
)
)∣∣∣ = 1
2
|y1−y2| =
1
2
∣∣∣g((x1, y1), (x2, y2)
)∣∣∣.
So, T is a topologically Banach contraction map w.r.t g. Let {(xn, yn)} be a
g-Cauchy sequence in R2. So∣∣∣g((xn, yn), (xm, ym)
)∣∣∣→ 0 as n,m→∞
=⇒ |yn − ym| → 0 as n,m→∞.
So the sequence {yn} is a Cauchy sequence of real numbers. Let yn → y ∈
R as n→∞. Fix n0 ∈ N. Now∣∣∣g((xn, yn), (xn0 , y)
)∣∣∣ = |yn − y| → 0 as n→∞.
This shows that the sequence {(xn, yn)} is g-convergent to (xn0, y). So R
2 is g-
complete. It can be seen that for any x ∈ R, p∗ = (x, 0) is a fixed point of T. So
there are infinitely many fixed points of T.
BEST PROXIMITY POINT RESULTS IN TOPOLOGICAL SPACES 7
Corollary 2.13. Let X be a g-complete topological space where g : X ×X → R
is a continuous function such that g(x, y) = 0 =⇒ x = y, |g(x, y)| = |g(y, x)|,
|g(x, z)| ≤ |g(x, y)| + |g(y, z)| for all x, y, z ∈ X. Let U : X → X be a mapping
such that for some n0 ∈ N, U
n0 : X → X is a topologically Banach contraction
mapping w.r.t g. Then U has a unique fixed point.
Proof. The proof follows from Theorem 2.9, so omitted. 
Now we recall the following definition from [6].
Definition 2.14. [6] Let A, B be non-empty subsets of a topological space X .
Let g : X ×X → R be a continuous function. Define
Dg(A,B) = inf{|g(x, y)| : x ∈ A, y ∈ B}.
In this paper, we will use the following definitions.
Ag = {x ∈ A : |g(x, y)| = Dg(A,B) for some y ∈ B} and
Bg = {y ∈ B : |g(x, y)| = Dg(A,B) for some x ∈ A}.
We like to introduce the definition of topologically proximal weak contraction
in a topological space X as follows:
Definition 2.15. Let (A,B) be a pair of non-empty subsets of a topological space
X. A mapping f : A → B is said to be topologically proximal weak contraction
with respect to a continuous function g : X × X → R if there exists β ∈ (0, 1)
and N ≥ 0 such that
|g(u1, f(x1))| = Dg(A,B)
|g(u2, f(x2))| = Dg(A,B)
}
=⇒ |g(u1, u2)| ≤ β|g(x1, x2)|+N |g(x2, u1)|
for all x1, x2, u1, u2 ∈ A.
Note 2.16. In Definition 2.15, if we take A = B and N = 0 we may not get
the Definition 2.6 because the continuous function g does not necessarily satisfy
g(x, y) = 0< x = y as we already see in Example 2.5.
Note 2.17. If the topological space X is metrizable with respect to a metric d,
then by taking g = d we will get the notion of proximal weak contraction for
standard metric spaces introduced by Bunlue and Suantai in [2]. In particular,
if we take g = d and N = 0 then we will get the notion of proximal contraction
introduced by Basha in [1].
In our last definition, we mention that the mapping f is a topologically proximal
weak contraction with respect to the continuous mapping g, and it is important.
In our upcoming example we will show that there exist two subsets A and B
in a topological space X and a mapping f : A → B such that f is topologi-
cally proximal weak contraction with respect to a continuous function g but is
not topologically proximal weak contraction with respect to another continuous
function h.
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Example 2.18. Consider R2 with the usual topology. Let A = {0} × [−1, 1]
and B = {1} × [−1, 1]. Let T : A → B be defined by T (0, y) = (1, y
4
). Let
g : R2×R2 → R be defined by g
(
(x, y), (u, v)
)
= y2− v2. Then g is a continuous
function. Now we will show that T is a topologically proximal weak contraction
with respect to g. It is clear that Dg(A,B) = 0. Let x1 = (0, p1), x2 = (0, p2), u1 =
(0, y1), u2 = (0, y2) ∈ A and |g(x1, T (u1))| = 0 and |g(x2, T (u2))| = 0. So∣∣∣g((0, p1), (1, y1
4
))
∣∣∣ = 0
=⇒ p21 −
y21
16
= 0.
Similarly, from the second equation, we get,
p22 −
y22
16
= 0.
Now, |g(x1, x2)| = p
2
1 − p
2
2 =
1
16
(y21 − y
2
2) =
1
16
|g(u1, u2)|. This shows that T is a
topologically proximal weak contraction with respect to g with β = 1
16
and N = 0.
Now let h : R2 × R2 → R be defined by h
(
(x, y), (u, v)
)
= min{y, v}. It can be
seen that Dh(A,B) = 0. Let x1 = (0,
1
2
), x2 = (0,
1
4
), u1 = (0, 0), u2 = (0, 0) ∈ A
and |h(x1, T (u1))| = 0 and |h(x2, T (u2))| = 0. Now if β ∈ (0, 1) and N ≥ 0 then
we have
1
4
= |h(x1, x2)| > β|h(u1, u2)|+N |h(u2, x1)| = 0.
This shows that T is not topologically proximal weak contraction with respect to
h.
In our next example, we show that the notion of topologically proximal weak
contraction with respect to a continuous function is indeed more general than
the notion of proximal weak contraction introduced by Bunlue and Suantai in
[2]. We show that, there exists a topological space X with a continuous real
valued function g, two non-empty disjoint subsets A,B of X and a function
f : A → B such that f is topologically proximal weak contraction w.r.t g but
if the topological space is metrizable with respect to a metric d then f is not
proximal weak contraction w.r.t the metric d.
Example 2.19. Consider R with the usual topology. Let g : R × R → R be
defined by
g(x, y) = x2 − y2, x, y ∈ R.
Then g is a continuous function. Let A = {0, 1, 2, 3, 5} and B = {−1,−2,−3, 4}.
Let f : A → B be defined by f(0) = f(3) = f(5) = 4, f(1) = −1, f(2) = −2.
Then it can be seen that Dg(A,B) = 0. Let β =
1
2
and N = 1. Now∣∣∣g(1, f(1))∣∣∣ = Dg(A,B)
and ∣∣∣g(2, f(2))∣∣∣ = Dg(A,B).
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Now 3 =
∣∣∣g(1, 2)
∣∣∣ ≤ 1
2
.
∣∣∣g(1, 2)
∣∣∣+1.
∣∣∣g(2, 1)
∣∣∣. This shows that f is topologically
proximal weak contraction w.r.t g with β = 1
2
and N = 1. Let d denote the usual
metric on R and D(A,B) = inf{d(x, y) : x ∈ A, y ∈ B} = 1. Now
d
(
5, f(0)
)
= D(A,B)
and
g
(
0, f(1)
)
= D(A,B).
But
5 = d(5, 0) >
1
2
.d(0, 1) + 1.d(1, 5).
So f is not proximal weak contraction with respect to the usual metric on R with
β = 1
2
and N = 1.
In the following, we present a sufficient condition for topologically proximal
weak contraction mappings to have a unique best proximity point in arbitrary
topological space X. Before that, we introduce the definition of a g-closed set and
g-sequentially compact set as follows:
Definition 2.20. Let X be a topological space and g : X × X → R be a
continuous function. A non-empty subset A of X is said to be g-closed if every
g-convergent sequence {xn} ⊂ A, converges to a point in A.
Definition 2.21. Let X be a topological space and g : X × X → R be a
continuous function. A non-empty subset A of X is said to be g-sequentially
compact if every sequence {xn}n∈N in A has a g-convergent subsequence {xnk}
which converges to a point in A.
In the upcoming example we show that there exists a non-empty subset A of
topological space X such that A is g-closed but not closed in X with respect to
the usual topology. We also find a non-empty set which is g-sequentially compact
but not sequentially compact with respect to the usual topology.
Example 2.22. Consider R with the usual topology and let g : R × R → R be
defined by g(x, y) = x− y+ 1
2
. Let A = (0,∞). Then A is not closed with respect
to the usual topology in R. Let {xn} be a sequence in A which is g-convergent to
x ∈ R. So ∣∣∣g(xn, x)
∣∣∣→ 0 as n→∞
=⇒
∣∣∣xn − x+ 1
2
∣∣∣→ 0 as n→∞
=⇒ xn → (x−
1
2
) as n→∞.
But since {xn} is a sequence in (0,∞) so, we have x −
1
2
≥ 0. This shows that
x ≥ 1
2
and A is g-closed.
Now consider R2 with the usual topology and g : R2 × R2 → R be defined by
g
(
(x, y), (u, v)
)
= y − v, (x, y), (u, v) ∈ R2.
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Then g is a continuous function. Let B = { 1
n
: n ∈ N}×{0}∪ { 1
n
: n ∈ N}. Then
B is not sequentially compact in R2 with respect to the usual topology. If {xn}
is a sequence in B with finite range and {xn} is either constant or ultimately
constant sequence then it is clear that there exists p ∈ B such that∣∣∣g(xn, p)
∣∣∣→ 0 as n→∞.
So, in this case, we take the subsequence as the sequence itself and {xn} is g-
convergent to p ∈ B. On the other hand, let {xn} is a sequence in B with
finite range and (p, q) ∈ B is a cluster point of the sequence. In this case, we
take the subsequence as, xnk = (p, q) for all k ∈ N. So, in this case {xnk} is
g-convergent to (p, q) ∈ B. Now let {(pn, tn)} be a sequence in B with infinite
range and tn → 0 as n→∞. In this case the sequence {(pn, tn)} is g-convergent
to (1, 0) ∈ B since ∣∣∣g((pn, tn), (1, 0)
)∣∣∣ =
∣∣∣tn
∣∣∣→ 0 as n→∞.
Similarly if {(pn, tn)} is a sequence in B with infinite range and pn → 0 as n→∞
then similarly we can show that there exists a subsequence of {(pn, tn)} which is
g-convergent to some element of B. So, B is g-sequentially compact in R2 but
not sequentially compact.
In our next example we show that a non-empty subset, which is g-closed, where
g is a real valued continuous function on X×X , may not be h-closed with respect
to another real valued continuous function h on X ×X.
Example 2.23. Consider R with the usual topology and let g : R × R → R
be defined by g(x, y) = x − y + 1
2
. Let A = (0,∞). Then from example 2.22,
A is g-closed but A is not closed with respect to usual topology on R. Now let
h : R×R→ R be defined by h(x, y) = xy. Now we will show that the set A is not
h-closed. Consider the sequence { 1
n
} in A. Now the sequence { 1
n
} is h-convergent
to −1
2
since ∣∣∣h( 1
n
,−
1
2
)
∣∣∣ = − 1
2n
→ 0 as n→∞
but −1
2
/∈ A. So A is not h-closed.
Theorem 2.24. Let X be a g-complete topological space where g : X ×X → R
is a continuous function such that g(x, y) = 0 ⇔ x = y, |g(x, y)| = |g(y, x)| and
|g(x, z)| ≤ |g(x, y)| + |g(y, z)| for all x, y, z ∈ X. Let (A,B) be a pair of non-
empty subsets of X such that Ag is non-empty and g-closed. Let T : A → B be
topologically proximal weak contraction mapping w.r.t g with β ∈ (0, 1), N ≥ 0
such that T (Ag) ⊆ Bg. Then
(1) there exists a best proximity point p∗ ∈ Ag of T and the sequence {pn}n≥0
defined by p0 ∈ Ag and |g(pn+1, T (pn))| = Dg(A,B) converges to the best
proximity point of T ;
(2) moreover if (1− β −N) > 0, then the best proximity point p∗ is unique.
Proof. Let p0 ∈ Ag. Since T (Ag) ⊆ Bg, we have T (p0) ∈ Bg. So, there exists
p1 ∈ Ag such that |g(p1, T (p0))| = Dg(A,B). Similarly, as T (p1) ∈ Bg, so there
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exists p2 ∈ Ag such that |g(p2, T (p1))| = Dg(A,B). Continuing this process, we
get a sequence {pn}n≥0 ⊂ Ag such that
|g(pn+1, T (pn))| = Dg(A,B) ∀ n ≥ 0.
Now we will show that the sequence {pn}n≥0 is a g-Cauchy sequence. From the
construction of the sequence we have,
|g(pn, T (pn−1))| = Dg(A,B)
and
|g(pn+1, T (pn))| = Dg(A,B).
As T is a topologically proximal weak contraction mapping w.r.t g, so we have,
|g(pn, pn+1)| ≤ β|g(pn−1, pn)|+N |g(pn, pn)|
⇒ |g(pn, pn+1)| ≤ β|g(pn−1, pn)|.
So, we get |g(pn, pn+1)| ≤ β
n|g(p0, p1)|. Suppose that m > n and n ∈ N. Let
m = n + r where r ≥ 1. Now,
|g(pn, pn+r)| ≤ |g(pn, pn+1)|+ |g(pn+1, pn+2)|+ · · ·+ |g(pn+r−1, pn+r)|
=⇒ |g(pn, pn+r)| ≤
(
βn + βn+1 + · · ·+ βn+r−1
)
|g(p0, p1)|
=⇒ |g(pn, pn+r)| ≤ β
n
(1− βr
1− β
)
|g(p0, p1)| → 0 as n, r →∞.
This shows that the sequence {pn}n≥0 is a g-Cauchy sequence. Since X is g-
complete, so the sequence {pn}n≥0 is g-convergent to a point p
∗ ∈ X. Since Ag
is g-closed so p∗ ∈ Ag. Since T (p
∗) ∈ Bg so there exists x ∈ Ag such that
|g(x, T (p∗)| = Dg(A,B). Also, |g(pn+1, T (pn))| = Dg(A,B). Thus we have
|g(pn+1, x)| ≤ β|g(pn, p
∗)|+N |g(p∗, pn+1)|
=⇒ |g(pn+1, x)| → 0 as n→∞.
This shows that the sequence {pn}n≥0 is also g-convergent to x ∈ Ag. But since
the limit is unique as we see from Lemma 2.4, so, x = p∗. We have |g(p∗, T (p∗)| =
Dg(A,B) that is, p
∗ is a best proximity point of T. Now, suppose the mapping T
has two best proximity points p∗ and p∗∗. So we have
|g(p∗, T (p∗)| = Dg(A,B)
and
|g(p∗∗, T (p∗∗)| = Dg(A,B).
As T is topologically proximal weak contraction, so we have,
|g(p∗, p∗∗)| ≤ β|g(p∗, p∗∗)|+N |g(p∗, p∗∗)|
=⇒ (1− β −N)|g(p∗, p∗∗)| ≤ 0
=⇒ |g(p∗, p∗∗)| = 0 [since (1− β −N) > 0]
=⇒ p∗ = p∗∗ [since g(x, y) = 0⇒ x = y].
So the best proximity point is unique. 
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Example 2.25. Consider R2 with the usual topology and X = {1}× [−1, 1] with
subspace topology. Let g : X ×X → R be defined by
g
(
(x, y), (u, v)
)
= y − v, (x, y), (u, v) ∈ X.
Then g is a continuous function onX×X. Now we will show thatX is g-complete.
Let {(1, xn)} be a g-Cauchy sequence in X. So∣∣∣g((1, xn), (1, xm)
)∣∣∣→ 0 as n,m→∞
=⇒ |xn − xm| → 0 as n,m→∞.
So the sequence {xn} is a Cauchy sequence in [0, 1]. Since [−1, 1] is complete, so
let xn → p ∈ [−1, 1] as n→∞. Now,∣∣∣g((1, xn), (1, p)
)∣∣∣ = |xn − p| → 0 as n→∞.
So the sequence {(1, xn)} is g-convergent to (1, p) ∈ X. So X is g-complete. Now
let A = {1}×[−1, 0] and B = {1}×[0, 1]. ThenDg(A,B) = 0. Now let (1, x) ∈ Ag.
Then there exists (1, y) ∈ B such that |g((1, x), (1, y))| = 0. So |x− y| = 0. This
is satisfied only by x = 0. This shows that Ag = {(1, 0)}. Also, Bg = {(1, 0)}. So,
Ag is non-empty and g-closed. Now it can be seen that the function g is satisfied
all the conditions of Theorem 2.24.
Now define f : A→ B by
f(1, x) = (1,−
x
2
), (1, x) ∈ A.
So, f(1, 0) = (1, 0) =⇒ f(Ag) ⊆ Bg. Let (1, p1), (1, p2), (1, u1), (1, u2) ∈ A such
that ∣∣∣g((1, p1), f(1, u1)
)∣∣∣ = 0
and ∣∣∣g((1, p2), f(1, u2)
)∣∣∣ = 0.
These two equations imply that p1 +
u1
2
= 0 and p2 +
u2
2
= 0. Now∣∣∣g((1, p1), (1, p2)
)∣∣∣ = |p1 − p2| = 1
2
|u1 − u2| =
1
2
∣∣∣g((1, u1), (1, u2)
)∣∣∣.
This shows that the mapping f is topologically proximal weak contraction map-
ping with respect to g. So all the conditions of Theorem 2.24 are satisfied. So,
by the Theorem 2.24 the mapping f has a best proximity point in Ag. Here
p∗ = (1, 0) ∈ Ag is a best proximity point of f. In this example the best proxim-
ity point is unique because here (1− β−N) = 1
2
> 0. So the Theorem 2.24 holds
good.
Note 2.26. Theorem 2.24 is an extension and improvement of Theorem 3.1 of [2]
from metric space to topological space X with a continuous function defined on
X × X. If the topological space X is metrizable with respect to metric d then
by taking g = d we will get Theorem 3.1 of [2]. Also in Theorem 2.24 if we
take A = B, g = d and N = 0 then we get the Banach contraction principle
for topological spaces. So Theorem 2.24 is an extension of Banach contraction
principle from standard metric spaces to topological spaces.
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In a topological space X on which there is no linear space structure, it is hard to
define the notion of convex sets in X. In order to define the notion of convex sets
in an arbitrary topological space X with a continuous function g : X ×X → R,
we first introduce the notion of topologically convex structure on X as follows:
Definition 2.27. Let X be a topological space and g : X × X → R be a
continuous function. A continuous function H : X × X × [0, 1] → X is called
topologically convex structure w.r.t g if the two conditions are satisfied:
(1) |g(x0, H(x, y, λ))| ≤ λ|g(x0, x)|+(1−λ)|g(x0, y)| for all x0, x, y ∈ X and λ ∈
[0, 1];
(2) |g(H(x, y, λ), H(x0, y0, λ))| ≤ λ|g(x, x0)|+(1−λ)|g(y, y0)| for all x0, x, y, y0 ∈
X and λ ∈ [0, 1].
A non empty subset A of X is said to be convex if H(x, y, λ) ∈ A for all x, y ∈
A and λ ∈ [0, 1]. Now by using the notion of topologically convex structure, we
will define the concept of topologically r-starshaped subset of X as follows:
Definition 2.28. Let X be a topological space and g : X × X → R be a
continuous function. Let H : X × X × [0, 1] → X be a topologically convex
structure on X w.r.t g. A non empty subset A of X is called topologically r-
starshaped if there exists a point r ∈ A such that H(r, x, λ) ∈ A for all x ∈
A and λ ∈ [0, 1].
Now we present a lemma that will be necessary for our upcoming theorem
about best proximity points.
Lemma 2.29. Let X be a topological space and g : X ×X → R be a continuous
function. Let H : X × X × [0, 1] → X be a topologically convex structure on
X w.r.t g. Let A,B( 6= φ) ⊂ X such that A is topologically r-starshaped and B
is topologically s-starshaped and |g(r, s)| = Dg(A,B). Then Ag is topologically
r-starshaped and Bg is topologically s-starshaped.
Proof. Since |g(r, s)| = Dg(A,B) so r ∈ Ag and Ag 6= φ. Let x ∈ Ag and λ ∈ [0, 1].
Since x ∈ A and A is topologically r-starshaped, so H(r, x, λ) ∈ A. Since x ∈ Ag
so there exists y ∈ Bg such that |g(x, y)| = Dg(A,B). Since y ∈ B and B is
topologically s-starshaped, so H(s, y, λ) ∈ B. Now
Dg(A,B) ≤
∣∣∣g(H(r, x, λ), H(s, y, λ))∣∣∣ ≤ λ|g(r, s)|+ (1− λ)|g(x, y)| = Dg(A,B).
This shows that H(r, x, λ) ∈ Ag and Ag is topologically r-starshaped. Similarly
we can show that Bg is topologically s-starshaped. 
Now we introduce the concept of topologically semi-sharp proximinal pair in
an arbitrary topological space X as follows:
Definition 2.30. Let (A,B) be a pair of non-empty subsets of a topological
space X . The pair (A,B) is said to be a topologically semi-sharp proximinal pair
w.r.t a continuous function g : X ×X → R if for each x ∈ A there exists at most
one x∗ in B such that
|g(x, x∗)| = Dg(A,B).
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Lemma 2.31. Let X be topological space and g : X × X → R be a continuous
function. Let (A,B)( 6= φ) ⊂ X be a topologically semi-sharp proximinal pair w.r.t
g such that Ag, Bg 6= φ. Then (Ag, Bg) is a topologically semi-sharp proximinal
pair w.r.t g.
Proof. The proof is straightforward, so omitted. 
Now we like to introduce the notion of topologically proximal Berinde non-
expansive mapping in a topological space X as follows:
Definition 2.32. Let (A,B) be a pair of non-empty subsets of a topological
space X. Let g : X × X → R be a continuous function. A mapping f : A → B
is said to be topologically proximal Berinde non-expansive w.r.t g, if there exists
N ≥ 0 such that
|g(u1, f(x1))| = Dg(A,B)
|g(u2, f(x2))| = Dg(A,B)
}
=⇒ |g(u1, u2)| ≤ |g(x1, x2)|+N |g(x2, u1)|
for all x1, x2, u1, u2 ∈ A.
Note 2.33. If the topological space X is metrizable with respect to a metric d,
then by taking g = d we will get the notion of proximal Berinde nonexpansive
mappings for standard metric spaces introduced by Bunlue and Suantai in [2]. In
particular, if we take g = d and N = 0 then we will get the notion of proximal
nonexpansive mappings introduced by Gabeleh in [3].
In our last definition, we mention that the mapping f is a topologically proxi-
mal Berinde non-expansive w.r.t the continuous mapping g, and it is important.
In our upcoming example, we will show that there exist two subsets A and B in a
topological space X and a mapping f : A→ B such that f is topologically prox-
imal Berinde non-expansive w.r.t a continuous function g but is not topologically
proximal Berinde non-expansive w.r.t another continuous function h.
Example 2.34. Consider X = [0, 3] × R with the usual subspace topology of
R
2 × R2. Let A = {0} × R and B = {3} × R. Let T : A → B be defined by
T (0, y) = (3, y). Let g : R2 × R2 → R be defined by g((x, y), (u, v)) = y2 − v2.
Then g is a continuous function. Now we will show that T is a topologically
proximal Berinde non-expansive w.r.t g. It is clear that Dg(A,B) = 0. Now let
x1 = (0, p1), x2 = (0, p2), u1 = (0, y1), u2 = (0, y2) ∈ A and |g(x1, T (u1))| = 0 and
|g(x2, T (u2))| = 0. So ∣∣∣g((0, p1), (3, y1))
∣∣∣ = 0
=⇒ p21 − y
2
1 = 0.
Similarly, from the second equation, we get,
p22 − y
2
2 = 0.
Now, |g(x1, x2)| = |p
2
1 − p
2
2| = |y
2
1 − y
2
2| = |g(u1, u2)|. This shows that T is a
topologically proximal Berinde non-expansive w.r.t g with N = 0.
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Now let h : R2 × R2 → R be defined by h((x, y), (u, v)) = min{y, v}. It can be
seen that Dh(A,B) = 0. Let x1 = (0, 1), x2 = (0, 2), u1 = (0, 0), u2 = (0, 0) ∈ A
and |h(x1, T (u1))| = 0 and |h(x2, T (u2))| = 0. Now if N ≥ 0 then we have
1 = |h(x1, x2)| > |h(u1, u2)|+N |h(u2, x1)| = 0.
This shows that T is not topologically proximal Berinde non-expansive w.r.t h.
In our next example, we show that the notion of topologically proximal Berinde
non-expansive mapping with respect to a continuous function is indeed more
general than the notion of proximal Berinde non-expansive mapping introduced
by Bunlue and Suantai in [2]. We show that, there exists a topological space X
with a continuous real valued function g, two non-empty disjoint subsets A,B
of X and a function f : A → B such that f is topologically proximal Berinde
non-expansive w.r.t g but if the topological space is metrizable with respect to a
metric d then f is not proximal Berinde non-expansive w.r.t the metric d.
Example 2.35. Consider R with the usual topology. Let g : R × R → R be
defined by
g(x, y) = x2 − y2, x, y ∈ R.
Then g is a continuous function. Let A = {0, 1, 2, 3, 5} and B = {−1,−2,−3, 4}.
Let f : A → B be defined by f(0) = f(3) = f(5) = 4, f(1) = −1, f(2) = −2.
Then it can be seen that Dg(A,B) = 0. Let N = 1. Now∣∣∣g(1, f(1))
∣∣∣ = Dg(A,B)
and ∣∣∣g(2, f(2))∣∣∣ = Dg(A,B).
Now 3 =
∣∣∣g(1, 2)
∣∣∣ ≤
∣∣∣g(1, 2)
∣∣∣ + 1.
∣∣∣g(2, 1)
∣∣∣. This shows that f is topologically
proximal Berinde non-expansive w.r.t g with N = 1. Let d denote the usual metric
on R and D(A,B) = inf{d(x, y) : x ∈ A, y ∈ B} = 1. Now
d
(
0, f(1)
)
= D(A,B)
and
g
(
3, f(0)
)
= D(A,B).
But
3 = d(0, 3) > d(1, 0) + 1.d(0, 0).
So f is not proximal Berinde non-expansive with respect to the usual metric on
R with N = 1.
We will present a theorem regarding the existence of best proximity point of a
topologically proximal Berinde non-expansive mapping in topological spaces.
Theorem 2.36. Let X be a g-complete topological space where g : X ×X → R
is a continuous function such that g(x, y) = 0 ⇔ x = y, |g(x, y)| = |g(y, x)|,
|g(x, z)| ≤ |g(x, y)| + |g(y, z)| for all x, y, z ∈ X and |g(r, x)| + |g(y, s)| =
2Dg(Ag, Bg)(Ag, Bg 6= φ) for all x ∈ Bg, y ∈ Ag. Let H : X ×X × [0, 1]→ X be
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a topologically convex structure on X w.r.t g. Let (A,B) be a topologically semi-
sharp proximinal pair of non-empty subsets of X such that A is r-starshaped,
B is s-starshaped w.r.t g and |g(r, s)| = Dg(A,B). Assume Ag is compact, g-
sequentially compact and g-closed. Suppose that f : A→ B satisfies the following
conditions:
(1) f is a topologically proximal Berinde non-expansive mapping with respect
to g;
(2) f(Ag) ⊆ Bg.
Then there exists p∗ ∈ Ag such that |g(p
∗, f(p∗))| = Dg(A,B) i.e. f has a best
proximity point in Ag.
Proof. Let x ∈ Ag. Since f(Ag) ⊆ Bg, so f(x) ∈ Bg. As (A,B) is a topologically
semi-sharp proximinal pair of non-empty subsets ofX such that A is r-starshaped,
B is s-starshaped w.r.t g then by Lemma 2.29, we have Ag is r-starshaped, Bg is
s-starshaped w.r.t g. Now define the sequence of functions fn : Ag → Bg by
fn(x) = H(s, f(x), an), x ∈ Ag.
Here the sequence (an) ⊂ (0, 1) is such that an → 0 as n→∞. Now we will show
that the sequence of functions {fn} is topologically proximal weak contraction
for each n ∈ N. Let p1, p2, q1, q2 ∈ Ag such that
∣∣∣g(p1, fn(q1))
∣∣∣ = Dg(Ag, Bg)
and ∣∣∣g(p2, fn(q2))
∣∣∣ = Dg(Ag, Bg).
As f(q1), f(q2) ∈ Bg so there exist r1, r2 ∈ Ag such that
|g(r1, f(q1))| = Dg(A,B)
and
|g(r2, f(q2))| = Dg(A,B).
Since f is topologically proximal Berinde non-expansive map so we have,
|g(r1, r2)| ≤ |g(q1, q2)|+N |g(q2, r1)|, N ≥ 0. (2.1)
From Lemma 2.29 and Lemma 2.31, we have the sets Ag and Bg are topo-
logically r-starshaped and topologically s-starshaped respectively and (Ag, Bg)
is a topologically semi-sharp proximinal pair of the topological space X. So,
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H(r, r1, an) ∈ Ag and H(r, r2, an) ∈ Ag. Now
Dg(Ag, Bg) ≤ |g(H(r, r1, an), fn(q1))| = |g(fn(q1), H(r, r1, an))|
≤ an|g(fn(q1), r)|+ (1− an)|g(fn(q1), r1)|
= an|g(H(s, f(q1), an), r)|+ (1− an)|g(H(s, f(q1), an), r1)|
≤ an
{
an|g(r, s)|+ (1− an)|g(r, f(q1)|
}
+ (1− an)
{
an|g(r1, s)|+ (1− an)|g(r1, f(q1)|
}
=
{
a2n + (1− an)
2
}
Dg(A,B) + an(1− an)
{
|g(r, f(q1)|+ |g(r1, s)|
}
≤ Dg(Ag, Bg).
=⇒ |g(H(r, r1, an), fn(q1))| = Dg(Ag, Bg).
Similarly, we can show that
|g(H(r, r2, an), fn(q2))| = Dg(Ag, Bg).
Since (Ag, Bg) is a topologically semi-sharp proximinal pair, so we have
p1 = H(r, r1, an), p2 = H(r, r2, an).
Since Ag is a compact topological space so Ag×Ag is compact. Since g : X×X →
R is continuous, so the mapping g restricted to Ag ×Ag is continuous and hence
bounded. So there exists M > 0 such that |g(x, y)| ≤ M for all x, y ∈ Ag. Now,
from equation (2.1) we have,
|g(p1, p2)| = |g(H(r, r1, an), H(r, r2, an))|
≤ an|g(r, r)|+ (1− an)|g(r1, r2)|
= (1− an)|g(r1, r2)|
≤ (1− an)|g(q1, q2)|+N(1 − an)|g(q2, r1)|
≤ (1− an)|g(q1, q2)|+N(1 − an)M |g(q2, p1)|.
Since (1 − an) > 0 and N(1 − an)M ≥ 0 so, the sequence of functions {fn}
are topologically proximal weak contraction w.r.t g for each n ∈ N and from
Theorem 2.24 we can say, the mapping fn : Ag → Bg has a best proximity point
p∗n ∈ Ag such that |g(p
∗
n, fn(p
∗
n))| = Dg(Ag, Bg) for all n ∈ N. Since Ag is g-
sequentially compact, so the sequence {p∗n} ⊂ Ag has a subsequence {p
∗
nk
} which
is g-convergent to p∗ ∈ Ag.
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Since f(p∗nk) ∈ Bg so there exists ynk ∈ Ag such that |g(ynk, f(p
∗
nk
))| =
Dg(A,B). Also we have |g(p
∗
nk
, fnk(p
∗
nk
))| = Dg(Ag, Bg). Now
Dg(Ag, Bg) ≤
∣∣∣g(H(r, ynk, ank), fnk(p∗nk))
∣∣∣ =
∣∣∣g(fnk(p∗nk), H(r, ynk, ank))
∣∣∣
≤ ank
∣∣∣g(fnk(p∗nk), r)
∣∣∣+ (1− ank)
∣∣∣g(fnk(p∗nk), ynk)
∣∣∣
= ank
∣∣∣g(H(s, f(p∗nk), ank), r)
∣∣∣+ (1− ank)
∣∣∣g(H(s, f(p∗nk), ank), ynk)
∣∣∣
≤ ank
{
ank |g(r, s)|+ (1− ank)|g(r, f(p
∗
nk
)|
}
+ (1− ank)
{
ank |g(ynk, s)|+ (1− ank)|g(ynk, f(p
∗
nk
)|
}
=
{
a2nk + (1− ank)
2
}
Dg(A,B) + ank(1− ank)
{
|g(r, f(p∗nk)|+ |g(ynk, s)|
}
≤ Dg(Ag, Bg).
So we have,
∣∣∣g(H(r, ynk , ank), fnk(p∗nk))
∣∣∣ = Dg(Ag, Bg). So, p∗nk = H(r, ynk , ank).
Now,
|g(p∗nk , ynk)| = |g(H(r, ynk, ank), ynk)|
≤ ank |g(ynk , r)|+ (1− ank)|g(ynk, ynk)|
= ank |g(ynk , r)| → 0 as k →∞.
Here we use the fact that the sequence an → 0 as n → ∞. This shows that the
sequence {ynk} is g-convergent to p
∗ ∈ Ag. As f(p
∗) ∈ Bg so there exists p
∗∗ ∈ Ag
such that |g(p∗∗, f(p∗))| = Dg(A,B). Also we have |g(ynk , f(p
∗
nk
))| = Dg(A,B).
Since f is topologically proximal Berinde non-expansive map w.r.t g so we have,
|g(ynk , p
∗∗)| ≤ |g(p∗nk , p
∗)|+N |g(ynk , p
∗)|
=⇒ |g(ynk , p
∗∗)| → 0 as k →∞.
So the sequence {ynk} is g-convergent to p
∗∗ ∈ Ag. Since the limit is unique we
have p∗ = p∗∗. So, |g(p∗, f(p∗))| = Dg(A,B). Hence the mapping f has a best
proximity point in Ag. 
Now we will provide an example to validate Theorem 2.36.
Example 2.37. Consider R2 with the usual topology and X = {0}× [−1, 1] with
subspace topology. Let g : X ×X → R be defined by
g
(
(x, y), (u, v)
)
= y − v, (x, y), (u, v) ∈ X.
Then g is a continuous function onX×X. Now we will show thatX is g-complete.
Let {(0, xn)} be a g-Cauchy sequence in X. So∣∣∣g((0, xn), (0, xm)
)∣∣∣→ 0 as n,m→∞
=⇒ |xn − xm| → 0 as n,m→∞.
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So the sequence {xn} is a Cauchy sequence in [−1, 1]. Since [−1, 1] is complete,
so let xn → x ∈ [−1, 1] as n→∞. Now,∣∣∣g((0, xn), (0, x)
)∣∣∣ = |xn − x| → 0 as n,m→∞.
So the sequence {(0, xn)} is g-convergent to (0, x) ∈ X. So X is g-complete. Now
let A = {0}×[−1, 0] and B = {0}×[0, 1]. ThenDg(A,B) = 0. Now let (0, x) ∈ Ag.
Then there exists (0, y) ∈ B such that |g((0, x), (0, y))| = 0. So |x− y| = 0. This
is satisfied only by x = 0. This shows that Ag = {(0, 0)}. Similarly, Bg = {(0, 0)}.
So, Ag is compact, g-sequentially compact and g-closed.
Now let us define H : X ×X × [0, 1]→ X by
H
(
(0, y1), (0, y2), β
)
= (0, βy1 + (1− β)y2).
It can be seen that the mapping H is topologically convex structure on X w.r.t
g and the sets A and B are (0, 0)-starshaped sets in X. Also
∣∣∣g((0, 0), (0, 0))
∣∣∣ =
0 = Dg(A,B). Also the pair (A,B) is topologically semi-sharp proximinal in X.
Also here,
|g((0, 0), x)|+ |g(y, (0, 0))| = 0 = 2Dg(Ag, Bg)
for all x ∈ Ag, y ∈ Bg. So in this example the function g satisfies all the conditions
of Theorem 2.36. Now define f : A→ B by
f(0, x) = (0,−x), (0, x) ∈ A.
So, f(0, 0) = (0, 0) =⇒ f(Ag) ⊆ Bg. Let (0, p1), (0, p2), (0, u1), (0, u2) ∈ A such
that ∣∣∣g((0, p1), f(0, u1)
)∣∣∣ = 0
and ∣∣∣g((0, p2), f(0, u2)
)∣∣∣ = 0.
These two equations imply that p1 = −u1 and p2 = −u2. Now∣∣∣g((0, p1), (0, p2)
)∣∣∣ = |p1 − p2| = |u1 − u2| =
∣∣∣g((0, u1), (0, u2)
)∣∣∣.
This shows that the mapping f is topologically proximal Berinde non-expansive
mapping with respect to g. So all the conditions of Theorem 2.36 are satisfied.
So by the Theorem 2.36, the mapping f has a best proximity point in Ag. Here
p∗ = (0, 0) ∈ Ag is a best proximity point of f. In this example the best proximity
point is unique.
Open question. In Theorem 2.36 we use the condition |g(r, x)|+ |g(y, s)| =
2Dg(Ag, Bg)(Ag, Bg 6= φ) for all x ∈ Bg, y ∈ Ag, to prove the existence of best
proximity points for topologically proximal Berinde non-expansive mapping w.r.t
g. Can Theorem 2.36 be proved without this condition?
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